By applying the Pekeris-type approximation to deal with the (pseudo or) centrifugal term, the spin and pseudospin symmetry solutions of the Dirac equation for the RosenMorse potential including a Coulomb-like tensor potential with arbitrary spin-orbit coupling quantum number κ are obtained by standard method. It has been shown from the numerical results that the degeneracies between spin and pseudospin state doublets are removed by the tensor interaction. Special case of this potential, that is, the spin and pseudospin solutions of the Dirac equation with the modified Pöschl-Teller potential including a tensor interaction is also considered. The results obtained in this case show that the tensor interaction removes the degeneracies between the members of doublets states in spin and pseudospin symmetries.
Introduction
For over 40 years ago, the idea about the pseudospin symmetry (PSS) and spin symmetry (SS) concepts have been introduced in nuclear theory by Arima et al. (1969) and Hecht and Alder (1969) [1, 2] . The PSS refers to a quasi degeneracy of single nucleon doublets with nonrelativistic quantum number (n, ℓ, j = ℓ + 1 2 ) and (n − 1, ℓ + 2, j = ℓ + 3 2 ), where n, ℓ and j are the radial, the orbital and the total angular quantum numbers, respectively [1, 2, 3] . The total angular momentum is j = ℓ + s, where ℓ = ℓ + 1 is the pseudo-angular momentum and s is the pseudospin angular momentum [4] .
Pseudospin doublets with pseudo-orbital angular momentum ℓ = ℓ + 1 and pseudospin s = 1 2 quantum numbers are the single-nucleon states that have energy values close to each other [5] . For example, (3s 1/2 , 2d 2/3 ) and (3p 1/2 , 2d 2/3 ) can be considered as pseudospin doublets.
These concepts have been used in describing deformed nuclei [6] , superdeformation [7] , magnetic moment [8] , meson theory [9] , as well as establishing an effective shell-model coupling scheme [10] .
The introduction of these concepts has given room for considerable research efforts in nuclear theory as well as quantum theory. In his investigations, Ginocchio (1997 Ginocchio ( , 1999 Ginocchio ( , 2004 Ginocchio ( , 2005a Ginocchio ( , 2005b ) deduced that, the Dirac Hamiltonian with the scalar and vector harmonic oscillator potentials for the case V (r) = S(r) possesses a spin symmetry as well as U(3) symmetry, while the Dirac Hamiltonian for the case V (r) = S(r) possesses a pseudospin symmetry as well as a pseudo-U(3) symmetry [11 -15 ] . In addition, Meng et al. (1998) and Zhou et al. (2003) found that PSS is exact under the condition V (r) + S(r) = C ps , while SS is exact under the condition V (r) − S(r) = C s [11 -15 ] . For comprehensive reviews, see Ginocchio (1997) and (2005b) [11, 15] .
Under the condition of PSS and SS concepts, the Dirac Hamiltonian for some exactly solvable potential models have been solved for any ℓ [12, 14, 15, 19 -33] . Some of these potential models can not be solved exactly for any ℓ = 0, in which the Pekeris-type approximation can be used to obtain the approximate solutions for such models [5, 34 -48] . In solving these problems, various methods have been adopted, these methods include: Nikiforov-Uvarov method, AIM, SUSYQM and standard method as well.
In their studies, Moshinsky and Szczepaniak (1989) and Kukulin et al. (1991) introduced tensor potential U(r) into the Dirac equation, by replacing p with p − imωβ.rU(r) (that is, p → p−imωβ.rU(r)) [49, 50] . The inclusion of tensor interaction or coupling was first introduced by Itô et al. (1969) [51] and this has been revived by Moshinsky and Szczepaniak (1989) [49] . Akcay (2007) studied the Dirac equation with a tensor potential which contains a term linear in r and a Coulomb-like term, the eigenstates and eigenvalues are obtained analytically [25] . The Dirac equation with the scalar and vector quadratic potentials and Coulomb-like tensor potential with the PSS and SS have been solved exactly, and the results discussed [24, 26] . Tensor couplings or interactions have been used successfully in the studies of nuclear properties and applications [4, 5, 19 -27, 31 -68] .
In some of the studies of the PSS and SS, only few of the known model potentials are exactly solvable for any ℓ, while approximate solutions can be obtained for any ℓ for some potentials. Exact SS and PSS solutions of the Dirac equations of a linear term, quadratic, Mie-type, pseudoharmonic, Coulomb and harmonic potentials coupled with Coulomb-like tensor interactions have been obtained by using different methods [24, 25, 26, 27, 31, 32, 56, 57, 63, 69] .
In order to obtain the approximate solutions for some model potentials that can not be exactly solved, the Pekeris-type approximation needs to be employed [70, 71] . In this manner, the PSS solutions of the Dirac equation with the Eckart potential including a Coulomb-like tensor potential with arbitrary spin-orbit coupling quantum number κ are obtained by using the Nikiforov-Uvarov method [35] . The Dirac equation is solved approximately for the Woods-Saxon potential and a tensor potential with the arbitrary spin-orbit coupling quantum number κ under pseudospin and spin symmetry via the standard method [5] .
Ikhdair and Sever (2010) obtained the approximate solutions of the Dirac equation with the Hulthén potential including Coulomb-like tensor for any κ under the SS and PSS limits [4] . Pseudospin, supersymmetry and the shell structure of atomic nuclei have been discussed by Typel (2008) , he found that the strength of the pseudospin splitting depends on isovectordependent and tensor contributions to the effective nuclear interaction [69] . In addition, by using the SUSYQM method, Hassanabadi et al. (2011) and (2012) and vector potentials and a Coulomb tensor interaction [67] . From their results, it was found that tensor interactions remove all degeneracies between the two states in pseudospin and spin doublets. Also, they found that the energy differences between the two states in pseudospin and spin doublets increase with increasing H.
Furthermore, in the framework of the spin and pseudospin symmetry, Hamzavi et al.(2012b) solved the Dirac equation for the inversely quadratic Yukawa potential including a Coulomb-like tensor potential with arbitrary spin-orbit coupling quantum number κ by using the NikiforovUvarov method [68] . The numerical results obtained show that the Coulomb-like tensor interaction removes degeneracies between spin and pseudospin state doublets.
In this study, we consider the Rosen-Morse potential, due to its applications in atomic, chemical and molecular Physics [74] . The Rosen-Morse potential is given as
where V 1 and V 2 are the depth of the potential and α is the range of the potential, respectively.
This potential model has been used in so many investigations in theoretical physics [39, 74 -83] . 
The Dirac Equation Including a Tensor Interaction
In spherical coordinates, the Dirac equation for fermionic massive spin- 
where E is the relativistic energy of the system, M is the mass of a particle, P = −ih∇ is the momentum operator. α and β are 4 × 4 Dirac matrices, given as
where I is the 2 × 2 identity matrix and σ i (i = 1, 2, 3) are the vector Pauli matrices.
The spinor wave functions can be written using the Pauli-Dirac representation as [39, 40, 41, 42, 43, 44, 45, 73, 78, 85] :
where F nκ (r) and G nκ (r) are the radial wave functions of the upper and lower spinors components, respectively. Y ℓ jm (θ, φ) and Y ℓ jm are the spherical harmonic functions coupled to the total angular momentum j and its projection m on the z−axis. The orbital and pseudo-orbital angular momentum quantum numbers for SS (ℓ) and PSS (ℓ) refer to the upper (F nκ (r)) and lower (G nκ (r)) spinor components, respectively, for which ℓ(ℓ + 1) = κ(κ + 1) and ℓ(ℓ + 1) = κ(κ − 1).
For comprehensive reviews, see Ginocchio (1997) , (2005b) By using the following relations (Bjorken and Drell 1964) [84] :
with the following properties being satisfied:
By substituting equation (4) into equation (2), the following two radial coupled differential equations for the upper and the lower component spinors F nκ (r) and G nκ (r) are obtained as:
where ∆(r) = V (r) − S(r) and Σ(r) = V (r) + S(r) are the difference and sum potentials, respectively.
The following two Schrödinger-like differential equations for the radial upper and lower component spinors are obtained, respectively, by eliminating F nκ (r) and G nκ (r) from equations (8) and (9) to have the following equations:
where κ(κ − 1) = ℓ(ℓ + 1) and κ(κ + 1) = ℓ(ℓ + 1).
In this case, a Coulomb-like potential as a tensor potential is added to the Rosen-Morse potential. This Coulomb-like potential is given as,
where R c = 7.78fm is the Coulomb radius, Z a and Z b respectively, are the charges of the projectile 
Under this symmetry condition, the equation for the upper radial component spinor F nκ for the Rosen-Morse potential plus a Coulomb-like tensor potential becomes
where
It is known that only the s-wave (κ = 0, −1 or κ = 0, 1) solutions for the Rosen-Morse potential can be obtained exactly [78, 82, 83] , an improved new approximation (Pekeris-type) in dealing with the spin-orbit (or pseudo) centrifugal term
r 2 ) to obtain the approximate solutions of this potential is required. The Pekeris approximation introduced by Pekeris (1932) and other form of this approximation for short-range potential was also proposed by Greene and Aldrich (1976) 
C
other higher terms are neglected.
On using the transformation z = −e −2αr and the Pekeris-type approximation in equation (14), equation (13) becomes
By taking the function F nκ (r) to be
in equation (16) and solve, the energy equation is obtained as
and E nκ = −M + C s , only positive energy solutions are valid.
The associated upper component spinor F nκ (r) is obtained as [82] F nκ (r) = C nκ (1 + e −2αr ) 1+ρ (−e −2αr ) ν 2 F 1 (−n, n + 2(ν + ρ + 1); 2ν + 1; −e −2αr ) = C nκ n!Γ(2ν + 1) Γ(n + 2ν + 1)
and C nκ is the normalization constant which can easily be determined as [82] 
where Coulomb-like tensor potential can be evaluated from the relation
In this case, it is noted that in the absence of the Coulomb-like-tensor interaction, the results above give the earlier results obtained for the Rosen-Morse potential discussed under the spin symmetry condition by Oyewumi (2012) [82] .
Pseudopin Symmetric Bound State Solutions
The exact pseudospin symmetry has been discussed by Meng et al. (1998) and (1999) [16, 17] .
This occurs in the Dirac equation when dΣ(r) dr
= 0 or Σ(r) = C ps = constant. Again, a Coulomblike potential as a tensor potential is added to the Rosen-Morse potential. Under this symmetry condition, the equation for the upper radial component spinor G nκ becomes
with κ = ℓ, for κ < 0 −(ℓ + 1), for κ > 0 , respectively. Equation (25) can be re-written with the substitution of the centrifugal term approximation scheme in equation (14) and on substituting z = −e −2αr , equation (25) becomes
Equation (26) is identical with the equation (16), therefore, the energy equation is obtained
and E nκ = M + C ps , only negative energy solutions are valid.
The corresponding upper component spinor G nκ (r) is obtained as
and C nκ is the normalization constant is obtained [82] 
where A nκ = 3 F 2 (2ν + k, −n, n + 2(1 + ν + ρ); k + 2(ν + ρ + Coulomb-like tensor potential can be evaluated from the relation
Again, in this case, in the absence of the Coulomb-like-tensor interaction, the results above
give the earlier results obtained for the Rosen-Morse potential discussed under the pseudospin symmetry condition by Oyewumi (2012) [82] .
Solutions of a special case of the Dirac equation with the Rosen-Morse potential (modified Pöschl-Teller) including a tensor interaction
It is very interesting to note that equation (1) reduces to the modified Pöschl-Teller potential when V 2 = 0 as [60, 72, 78, 82, 88, 89] :
and when coupled with a tensor interaction, the PSS and SS solutions of the Dirac equation with modified Pöschl-Teller including a Coulomb-like tensor potential are obtained. Modified
Pöschl-Teller potential is a special case of the Rosen-Morse potential and is a typical Λ-nuclear potential which has been a very useful model in the study of Λ-hypernuclei in nuclear physics [89] .
For the SS solutions of the Modified Pöschl-Teller and a Coulomb-like tensor potential, the energy equation is
and the associated upper component spinor F nκ (r) is
where ρ = 1 2
4α 2 . N nκ is the normalization constant obtained as [82] :
where 
and the corresponding upper component spinor G nκ (r) is obtained as
4α 2 . The normalization constant N nκ is obtained as [82] :
where In the same way, Table 4 The numerical results obtained in Table 1 -3 show that, in the spin symmetry limit, the degenerate states for various H are as follows:
For H = 0; The degenerate states in the pseudospin symmetry limit for various H as shown in Table 4 -6 are as follows:
For H = 0; From the numerical results, it has also been shown that the degeneracy between spin doublets and pseudo-spin doublets is removed by tensor interaction for the two potentials considered. n ℓ κ (ℓ, j) E n,κ (H = 0.0) E n,κ (H = 0.5) E n,κ (H = 1.0) Table 5 : The bound state energy eigenvalues (f m −1 ) of the pseudospin symmetry Rosen-Morse potential for some values of n and κ with H = 0.0, 0.5 and 1.0 (C ps = 0). n ℓ κ (ℓ, j) E n,κ (H = 0.0) E n,κ (H = 0.5) E n,κ (H = 1.0) 
